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Abstract
A fundamental issue in multiple landmark detection is
the reduction of computational cost. This problem has previously been addressed mainly by reducing the complexity of each individual landmark detector. We address the
problem by optimizing the search strategy of multiple landmarks. When the relative positions of landmarks are constrained, the search space can be reduced, thereby reducing
the computation. The proposed method leverages the theory
of submodular functions to provide a constant factor approximation guarantee of the optimal speed. Although the
theory of submodular functions is well known, to the best
of our knowledge, this is the first time it is applied to the
landmark detection problem. We demonstrate our method
by fast and accurate detection of human body landmarks
including bones, organs, and vessels in 3D CT images from
a diverse dataset of around 2000 volumes with pathological
patients. We further provide different search space criteria
and variations.

1. Introduction
An important area in automated image understanding is
the development of methods for quickly detecting a plurarity of landmarks. In image segmentation, landmarks provide seed points for the initialization of segmentation algorithms. In face recognition, landmark-based pose alignment
(such as ASM and AAM) provide enhanced accuracy. In
medical imaging, the registration of MRI and CT modalities uses landmarks to provide control points. In human
body tracking, landmarks provide the position of individual
body parts.
In this paper, we are interested in the problem of efficiently detecting a large number of anatomical landmarks
in human body from CT scans. Figure 1 shows some examples of CT scans. More specifically, given a large number
of detectors, how should one coordinate the detectors col-

laboratively and sequentially so that detection can be done
most efficiently? We assume the landmark detectors have
already been trained, and each detector corresponds to a
distinct anatomical structure. In CT scans, each anatomical
structure has at most one instance. This is different from,
e.g., face detection in general images, where multiple faces
appear in a single image. We distinguish these two cases
with the terms single-instance and multi-instance problems.
The single-instance detection problem is a constrained
search problem, where the location of one landmark constrains the other ones. We present a theoretical framework
based on the theory of submodular functions [20]. We show
that, with properly defined search spaces, a search strategy
that sequentially orders the detectors improves both speed
and accuracy with theoretical guarantees.
In the sections that follow we formulate the search strategy in detail. In Section 2, we describe two search space
criteria and detail the optimization procedure for efficiently
detecting landmarks. In Section 3 we discuss the implementation in more detail. In Section 4 we show state-of-the-art
results on a dataset of 2046 CT volumes, indicating the benefits of the method. We conclude in Section 5 with discussions on the relationship of our method with a cascade of
classifiers, the use of other criteria as objectives, other related work, and future directions.

2. Proposed algorithm
The main goal of this work is to minimize the computational cost of multiple landmark detection. The computational cost is controlled by (i) the size of the image subspace (or search space) in which a detector is performing
the search, and (ii) the unit cost of the landmark detector.
We will first focus on item (i), and later extend the framework to item (ii).
Having n landmarks detected, with N − n landmarks remaining to detect, which detector should one use next, and
where should it be applied, so that the overall computational
cost is minimized? These two questions are tightly related,

Figure 1. Our dataset consists of 3D CT scans from different body portions, including larger scans shown in column 1 and 2, head scans
and lower abdomen scans in column 3, heart and abdomen scans in column 4. Automatic detection of body parts including organs, bones,
and vessels facilitates applications such as automatic segmentation and clinical measurements.

jointly by landmarks in Λ(1):(n) , e.g., by the intersection of
the individual search spaces,
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Figure 2. Illustration of the search space definition in Eq.(2). Detected landmarks l1 and l2 provide search spaces for un-detected
landmarks l3 and l4 (not shown). Final search spaces V3 and V4 for
l3 and l4 are obtained by intersection. A greedy algorithm would
prefer landmark l4 over l3 as the next landmark to detect since V4
is smaller than V3 .

and our answer is simple: determine the search space for
each detector based on the already detected landmarks and
pick the detector that has the smallest search space. We
will show theoretical guarantees of the algorithm in Section 2.2, and then in Section 2.3 extend the algorithm to
take multiple factors into account, including the size of the
search space and the unit cost of the detector (classifier).

2.1. Search space
In sequential detection, landmarks already detected provide spatial constraints on the landmarks remaining to be
detected. Consider an object consisted of N distinct landmarks. Denote by
Λ(1):(n) = {l(1) ≺ l(2) ≺ ... ≺ l(n) }, n ≤ N,

where Ωli ({lj }) denotes the search space for landmark li
conditioned on the position of a detected landmark lj . This
is illustrated in Figure 2. This definition could be restrictive,
so we will discuss alternatives in Section 2.3 and 2.4.
Denote the search volume (or search area) of search
space Ωli (Λ) as V (Ωli (Λ)), which calculates the volume
of Ωli (Λ). Without loss of generality, assume the search
volume is the cardinality of the set of voxels (pixels) that
fall within the search space. Define the constant Ωφ ≡
Ωk (φ), ∀k, as the space of the whole image, which is a tight
upper bound of the search space. The search volume has the
following property:
Theorem 1. ∀S ⊆ T ,
V (Ω(S)) − V (Ω(S ∪ {l})) ≥ V (Ω(T )) − V (Ω(T ∪ {l}))
(3)
We provide the proof in the Appendix. Set functions satisfying the above property are called supermodular [20].
Our goal is then to find the ordered set Λ(2):(N ) that minimizes the cumulated search volume, i.e. ,
Λ(2):(N ) = argmin
Λ(2):(N )

N
i=2

V (Ωl(i) (Λ(1):(i−1) )).

(4)

(1)

the ordered set of detected landmarks. Denote by U the unordered set of landmarks that remains to be detected. For
each landmark li ∈ U , its search space Ωli is determined

Note that in Eq.(4) we do not include the first landmark l1
as its search space is typically the whole image when no
landmarks have been detected a priori. We will discuss the
issue of determining l(1) later in Section 3.1.

2.2. Greedy algorithm
Define the cost function Ck (Λ) = V (Ωk (Λ)), ∀k. A
greedy algorithm for finding the ordering {l(1) , ..., l(N ) }
that attempts to minimize the overall cost proceeds as follows:
Initialize Λ = {l(1) }
for j=2,...,N do
l(j) = arg mink Ck (Λ(1):(j−1) )
Append l(j) to the ordered set Λ(1):(j−1)
end

Hence, Fk (φ) = 0. In the Appendix (Lemma 7) we show
that Fk (.) is a nondecreasing set function. From Eq.(1) and
(5), ∀S ⊆ T ,
(6)

which means Fk (.) is submodular [20]. Furthermore, since
Ck (φ) is constant over k, Eq.(4) becomes
Λ(2):(N ) = argmax
Λ(2):(N )

Lemma 1. F (.) =
submodular [20].
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k=2

Fk (Λ(1):(k−1) ).
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In other words, in each round one selects the detector that
yields the smallest cost.
This simple algorithm has nice theoretical properties.
Define
(5)
Fk (Λ) = Ck (φ) − Ck (Λ)

Fk (S) − Fk (S ∪ {l}) ≤ Fk (T ) − Fk (T ∪ {l})

V3

(7)

Fk (.) is submodular if ∀k, Fk (.) is

Together, these properties bring us to the theorem that
states the theoretical guarantee of the greedy algorithm.
Theorem 2. If F (.) is a submodular, nondecreasing set
function and F (φ) = 0, then the greedy algorithm finds
a set Λ , such that F (Λ ) ≥ (1 − 1/e) max F (Λ) [17].
Optimizing submodular functions is in general NP-hard
[16]. One must in principle calculate the values of N ! detector ordering patterns. Yet, the greedy algorithm is guaranteed to find an ordered set Λ such that F (.) reaches at
least 63% of the optimal value.
Note that the ordering found by the algorithm is imagedependent, since the search space of the next detector is dependent on the position of the landmarks already detected.
Therefore, the algorithm is not performing an ‘off-line’
scheduling of detectors. For another example, when the
search space of a landmark is outside the image or if its detection score is too low, then this landmark is claimed missing. This would influence the subsequent detectors through
the definition of the search space and affect the final ordering.

Figure 3. Illustration of the search space definition in Eq.(8). Detected landmarks l1 and l2 provide search spaces for un-detected
landmarks l3 and l4 (not shown). Final search spaces V3 and V4
for l3 and l4 are the minimum sets. This time, a greedy algorithm
would prefer landmark l3 over l4 as the next landmark to detect
since V3 is smaller than V4 .

2.3. Another search space criteria
Another useful definition of search space can be defined
as follows:
(8)
Ωli (Λ) = min{Ωli (l)}
l∈Λ

In each round of the greedy algorithm, each detected
landmark provides a search space candidate for each undetected landmark. Each un-detected landmark then selects the smallest one among the provided candidates. The
greedy algorithm then selects the un-detected landmark that
has the smallest search space. This is illustrated in Figure 3.
We call this search space criteria the min-rule, and the one
in Section 2.1 the intersection-rule. In the Appendix we
show that the min-rule also satisfies supermodularity.

2.4. Multiple search space criteria
Since submodularity is closed under linear combination
with non-negative scalars [20], multiple submodular functions can be optimized simultaneously. For example, one
could combine the min-rule and intersection-rule. Note that
the set of individual search spaces {Ωli ({lj })}i,j=1,...,N
need not be the same for the min- and intersectionrules. Under this combination, some detectors could obtain a search range from the min-rule, and some from the
intersection-rule. 1 2

2.5. Cost of Detector
The algorithm introduced so far only considered the
search space. In practice, different detectors have different costs and this should be taken into account during opti1 If Ω ({l }), ∀i, j, were the same for min- and intersection-rules,
j
li
then the intersection-rule will always be selected, since the intersection
operation yields non-larger spaces than individual ones.
2 Linear combination is a common approach for finding Pareto-optimal
solutions [2]. Since it can happen that Fi (S) > Fi (T ) while Fj (T ) >
Fj (S), all we can hope for are Pareto-optimal solutions [2].

mization. For example, if we have two detectors, then the
algorithm above would select the next detector that has a
smaller search space. However, this detector might have
a much higher unit computational cost due to, e.g., higher
model complexity. One should multiply (and not linearly
combine) search volume with the unit cost, since a detector
is applied to each voxel within the search space and only
the product reflects the cost correctly.
Fortunately, multiplication of a submodular function by a
non-negative scalar also maintains submodularity [20]. Denote qi as the computational cost of detector i. The product
qi C(Ωli (Λ)) then considers the joint computational cost.
Since ∀i, qi ≥ 0, qi C(Ωli (Λ)) is submodular, the greedy
algorithm can be applied and the same theoretical guarantees still hold.
The computational cost of a classifier can be estimated
from, e.g., the number of weak learners in boosting-based
classifiers, the expected number of classifiers in a cascade
of classifiers [22], or the empirical running time. We only
need the cost up to a constant multiplicative factor k since
qi and kqi yield the same results.

Since all of our detectors have similar accuracy and computational cost, such an ordering based on conditional frequency performs well. However, if some detectors have
very different accuracy or cost than the others, those characteristics should also be taken into account.
The system starts with detecting the anchor landmark
and initiates the greedy algorithm. If the greedy algorithm
determines a search space but the corresponding detector
fails to find the landmark, the greedy algorithm simply proceeds to the next round. If all subsequent landmarks are
not found, the system is restarted with a different anchor
landmark. The chance that the system produces more false
positives than running the detectors independently is low.
This is because, while the false positive rate of each detector could be high, the chance that multiple detectors produce false positives within their assigned search spaces is
exponentially low. In fact there is a relationship between
the overall false positive rate, detection rate, and the size
of the individual search spaces. We have experiments and
discussions on this topic in Section 5.1.

3. Implementation

In earlier discussions, we assumed each landmark is associated with a single detector. In our implementation, a
landmark has R = 3 detectors, each trained at different resolutions. Since training of landmark detectors is not the focus of this paper, we omit the details. In detection, we employ a coarse-to-fine strategy. Such multi-resolution techniques are frequently encountered when the solution to the
original (high) resolution is either too complex to consider
directly or is subject to large numbers of local minima. The
general idea is to construct approximate, coarser versions of
the problem and to use the solution of the coarser problems
to guide solutions at finer scales.
We run the algorithm in Section 2 using the coarsestresolution detectors only. We then define a local (small)
search space around each detected landmark and run higher
resolution detectors within the local search space. The overall approach is efficient, because the coarse-resolution detectors have already rejected most of the voxels in the image.
At the end, the posterior probability of position x is taken
from all resolutions using a log-linear model
R
αri φri (x))
(10)
p(x|Ir1 , ..., IrR ) ∝ exp(

3.1. Occlusion and the anchor landmark
The algorithm in the previous section finds an imagedependent ordering of detectors assuming (any) one landmark l(1) has already been detected. We call l(1) the anchor
landmark. Note that the anchor landmark can be a different
landmark (body part) in different images. Finding the anchor landmark might require multiple trials when the earlier
detection trial(s) claims false negative or when some landmarks are occluded or missing (such as in CT partial scans,
see Figure 1). Multiple trials require multiple searches over
the whole image and are expensive.
This suggests a priority queue of landmarks sorted by
conditional frequency. Define f (l) as the estimated frequency of appearance of landmark l in an image. Then,
define the ordering of trials
(9a)
m1 = arg maxl {f (l1 ), ..., f (lN )}
m2 = arg maxl {f (l1 ), ..., f (lN )|m1 not present} (9b)
m3 = arg maxl {f (l1 ), ..., f (lN )|m1 , m2 not present}
(9c)
and so on. We use this ordering of trials to detect the anchor
landmark. Intuitively, since landmark m1 appears most frequently, searching for it in the first trial would reduce most
significantly the need for a subsequent trial (whole-image
search). Landmark m2 is the most frequent landmark under
the condition that m1 does not exist in the volume. This
conditioning is to avoid m2 being a landmark that is in the
vicinity of m1 , in which case if m1 is occluded, most likely
m2 is also occluded.

3.2. Coarse-to-fine

i=1

where Iri is the volume at resolution ri , p(x|Iri ) is the posterior probability from the detector with resolution ri , and
the potential functions are given by φri (x) = log p(x|Iri ).
This can be shown equivalent to a products-of-experts
model [11]. We also experimented with the mixture-ofexperts model [12] of the form
R
αri p(x|Iri ).
(11)
p(x|Ir1 , ..., IrR ) ∝
i=1

D8mm D4mm D2mm
TracheaBif.
11.9
3.6
2.8
L.LungTop
22.2
3.5
3.2
R.LungTop
13.8
3.7
3.7
LiverDome
14.8
3.4
2.9
L.Kidney
13.6
6.7
6.3
R.Kidney
15.1
5.6
7.0
Table 2. Mean distance error in millimeters.

mean
std
Q95
max
Independent D8mm N = 63 17.30 6.16 46.24 84.51
Greedy D8mm N = 63
1.14
0.47
1.92
2.44
Independent D8mm N = 25
6.72
6.40 17.73 35.00
Greedy D8mm N = 25
0.65
0.43
1.26
5.08
Greedy D4mm N = 25
1.30
0.87
3.30
6.11
Greedy D2mm N = 25
2.70
1.74
7.15
9.05
Table 1. Detection time (sec) per volume. N is the number of
landmarks in the system.
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Figure 4. Detection time as a function of volume size. Blue (+):
independent landmark detectors. Red (x): Greedy search.

While the products-of-experts tends to produce sharper
classification boundaries, the mixture-of-experts tends to
have a higher tolerance to poor probability estimates [13].
Our experiments suggest the use of the mixture-of-experts.
Notice that, each position is associated with multiple
subwindows at different resolutions, so global context is utilized. Using global context is shown in many work. Our
approach combines results from multiple resolutions and
different subwindow sizes and hence is different from approaches where a single, optimal window size is determined
[23].
In summary, we use coarse resolution detectors in a
sequential ordering (which can be considered as a ‘spatial’ cascade of classifiers) to quickly identify position estimates for each landmark. Higher-resolution detectors subsequently refine the position estimates within a local neighborhood.

4. Experiments
Our dataset consists of 2046 volumes. We split the data
into 70% training, 10% validation, and 20% testing, while
avoiding splitting a patient with multiple scans into both
training and testing. The pairwise search spaces, Ωli ({lj }),
for each pair of landmarks li , lj , are cuboids estimated from
training and validation data. Using only training data to
define a tight cuboid for one landmark given another could
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Volume size (mm3)

2.5

3
x 10

8

Figure 5. Number of trials to find the anchor landmark as a function of volume size.

result in too confined search spaces if the detectors have
large errors in testing. We obtain this error information from
the validation set and enlarge the cuboids accordingly.
We have 63 landmarks including positions such as the
center, top, and bottom of organs, bones, and bifurcations
of vessels. In Table 1 we show the speed of landmark detection when all landmarks are detected independently versus the proposed method with the min-rule. Q95 is the
95th percentile. D8mm denotes the system using detectors
trained at 8mm resolution running the greedy method (without coarse-to-fine), D4mm uses the coarse-to-fine strategy
with 8 and 4mm resolution detectors, and D2mm uses detectors at all three (8,4, and 2mm) resolutions.
Table 1 also includes experiments where only a subset of
25 landmarks are used in the system. We observe that the
detection time of the greedy approach is not linearly proportional to the number of landmarks. In fact, when using ‘fewer’ landmarks, the maximum time ‘increased’ from
2.44 to 5.08 sec. This can be understood because the search
space of each detector is provided by the landmarks already
detected, some of which are not present in the 25-detector
system.
The detection speed versus volume size is shown in Figure 4. The reason that smaller volumes do not consume
much less time can be understood from Figure 5, which
shows that smaller volumes often require more number of
trials to find the anchor landmark. Since each trial requires
a whole image search, detection time increases.
The detection errors of the coarse-to-fine strategy are

Q25
Q50
Q95
Baseline 6.76 13.96 22.72
Iliac Bifurcation
Product
4.67
8.43
11.56
Mixture
3.95
7.06
13.99
Baseline 4.20
5.46
9.89
Brachioc. Artery Product
4.30
6.83
11.46
Mixture
3.63
5.19
8.77
Table 3. Distance errors in millimeters comparing coarse-to-fine
detection using the product- and mixture-of-experts.

shown in Table 2.
Two comparisons to recent literature can be made. First,
the work in [4] reported a detection time around 2 sec for
9 landmarks, and mean distance error around 28 mm. Our
system achieves lower distance errors in less time even on
a standard Intel Core2 Duo CPU 2.66GHz (whereas they
used a GPU implementation for speed up). Second, the
work in [24] reported larger distance errors (kidney error 9mm, versus our 6mm using coarse-to-fine 8mm- and
4mm-resolution detectors) with detection time around 4 sec
for 6 landmarks, significantly slower than our system (1.3
sec for 25 landmarks using coarse-to-fine 8mm- and 4mmresolution detectors).
In Table 3 we compare the different coarse-to-fine approaches discussed in Section 3.2. The baseline approach
finds the top candidates at one resolution and initiates a
finer-resolution detection around those top candidates. This
has a shifting problem (much like in visual tracking) when
only neighboring resolutions are considered and information from the earliest resolutions are lost.The mixture-ofexperts often has the most accurate results and has reasonable tolerance to outliers.
Some detection results of vessels are shown in Figure 6.
Diseased vessels have high appearance variations, and yet
we detect the carotid, iliac, renal, and brachiocephalic bifurcations with mean error 3.9, 7.2, 5.2, and 5.3 mm, respectively.
Table 4 shows confusion matrices of 8 mm detectors.
This will be discussed further in Section 5.1.

5. Discussion and related work
5.1. A spatial cascade of classifiers
One might worry that a sequential detection approach
could break down if the anchor landmark is incorrect or the
first few detectors fail. Furthermore, the proposed search
strategy was driven by computational cost considerations,
and accuracy in terms of false positive rate and detection
rate was not mentioned. Here we argue that the sequential
‘accept or reject’ behavior of our method behaves similar to
a Viola-Jones cascade of classifiers [22]. Intuitively, while
the false positive rate of the first detector could be high, the
rate that the first n detectors all fail is significantly lower.

Figure 6. Detected results of (a) carotid (b) iliac (c) renal (d) brachiocephalic artery bifurcations.
F PA
F NA
F PB
F NB
SkullBase
0 (193)
0 [50]
1 (192)
0 [50]
R.LungTop
0 (84)
1 [114]
1 (83)
1 [114]
LiverDome
0 (86)
2 [65]
0 [86)
2 [65]
R.HipTip
0 (131)
0 [94]
1 (130)
0 [94]
R.Knee
0 (265)
0 [12]
0 (265)
0 [12]
LiverBott.
2 (33)
1 [33]
2 (33)
1 [33]
TracheaBif.
0 (44)
0 [41]
0 (44)
0 [41]
LiverCent.
0 (90)
1 [136]
2 (88)
1 [136]
L.HumerusHead
0 (96)
1 [12]
0 (96)
1 [12]
R.HumerusHead
1 (80)
2 [7]
1 (80)
2 [7]
L.LungTop
0 (61)
1 [21]
1 (61)
1 [20]
L.HipTip
0 (94)
1 [46]
2 (92)
2 [45]
L.FemurHead
0 (124)
0 [16]
0 (124)
0 [16]
R.FemurHead
0 (120)
0 [16]
0 (120)
0 [16]
CoccyxTip
0 (118)
0 [16]
0 (118)
0 [16]
PubicSymph.Top 0 (133)
0 [23]
0 (133)
0 [23]
SternumTip
3 (51)
1 [22]
3 (51)
1 [22]
AortaBend
0 (31)
1 [53]
1 (30)
1 [53]
Brachioceph.
1 (35)
3 [132]
1 (35)
3 [132]
R.Kidney
2 (59)
5 [61]
2 (59)
5 [61]
L.Kidney
0 (71)
0 [76]
0 (71)
0 [76]
Table 4. Confusion matrices. The first two columns (with subscript
A) show the number of false positives and false negatives of our
approach. Numbers in parentheses are the number of true negatives. Numbers in brackets are the number of true positives. The
last two columns uses detectors running independently. Detections
with distance error larger than 5 voxels are false positives.

More formally, if each detector has false positive rate fi
and detection rate di
, the overall false
 positive rate and detection rate are f = fi and d = di assuming independence. But f and d depend on the size of the search space,

Ωli (.). With a slight abuse of annotation, assume search
space Ωli is a cuboid, and λΩli (.), λ > 0, is an enlarged
or shrunk cuboid with the same center. The operating point
of the ROC curve can then be adjusted by tuning λ. As
λ increases, the individual detectors behave more independently and there is less cascade-effect. As λ decreases, di
and fi decrease, and so do d and f . Tuning individual classifiers to adjust the overall f and d is also presented in the
Viola-Jones cascade of classifiers.
On the other hand, in the Viola-Jones cascade, classifiers
of the ‘same’ landmark are chained together. Here, classifiers of ‘different’ landmarks are chained and provide robustness through their joint spatial relationship. As shown
in Table 4, this geometric cascade indeed reduces false positives without sacrificing the detection rate. Such a robustness property is desirable and is typically implemented by
random fields [1] or voting procedures [5]. If desired, one
can still enforce a random field or perform voting on top of
our method.

5.2. Submodularity
The problem of maximizing a submodular function is of
central importance, with special cases including Max Cut
[9], maximum facility location [3]. While the graph Min
Cut problem is a classical polynomial-time solvable problem, and more generally it has been shown that any submodular function can be ‘minimized’ in polynomial time,
maximization turns out to be an NP-hard problem [19]. This
paper is the first one to apply the theory of submodularity
to object detection. More specifically, we prove the submoduarity of the cost functions based on two search space
criteria.

5.3. Information gain and entropy
Several works use maximization of information gain or
entropy as objective function [14][18][24]. However, using
information gain or entropy as objective could actually lead
to arbitrary bad computation time!
Assume we have three landmarks, A, B, and C, with position xA , xB , xC distributed along a 1-D line with position parameters (μA = 0, ΣAA = 1), (μB = 10, ΣBB =
30), (μC = 10, ΣCC = 110), and ΣAB = 5, ΣAC =
110, ΣBC = 50. This distribution could model the height
of different people, with landmark A aligned with the CT
scanner. Assume landmark A has already been detected.
Which landmark should one detect next? The approach in
[24] selects C since it yields a higher information gain than
B. However, if the size of the search spaces of B and C
are positively correlated with conditional covariance ΣB|A
and ΣC|A , the search space of B is actually smaller than the
search space of C. Without considering other factors, this
means the decision based on search space will be contrary

to the one based on information gain. With different covariance matrices, the difference could be arbitrarily large.
This can be understood when we realize that the objective
of maximizing information gain does not have a direct relationship with saving computation time.
The advantages of information gain mentioned in those
work, however, should not be neglected. Therefore finding
a framework for gracefully trading-off between information
gain and computation time would be useful.

5.4. Speed ups
Other methods for reducing computational cost in object
detection include tree-structured search [10], coarse-to-fine
detection [8], cascade of classifiers [22], branch-and-bound
[15], reduction of classifier measurements [21], and searching in marginal space [25].

5.5. Multiple instances
In medical imaging, most anatomical structures have distinct appearances and separately trained detectors and hence
detection is a single-instance problem. Real world image
datasets such as the PASCAL dataset often contain multiple instances of the same class (although datasets such as
Caltech-101 are single-instance). For multiple instances,
our algorithm can be embedded in a parts-based framework
such as [7][6] to speed up the search for object-parts.

5.6. Scaling up
Our goal is to detect in the order of thousands of anatomical structures. With such a large number of detectors, the
computational savings of our approach would be significant.
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6. Appendix
6.1. Intersection-rule


In Section 2.1 we defined Ωli (S) =
Ωli ({l}). Let
l∈S
us simplify the notation by omitting the subscript li from
Ωli . Define the complement Ω(S) = Ωφ \ Ω(S), ∀S, where
Ωφ has earlier been defined as the space of the whole volume.
Lemma 2. Ω(S ∪ {l}) = Ω(S) ∩ Ω({l})
This follows from the definition.
Lemma 3. If S ⊆ T , then Ω(S) ⊇ Ω(T )
Proof: T = S ∪ (T \ S) ⇒ From Lemma 2, Ω(T ) =
Ω(S ∪ (T \ S)) = Ω(S) ∩ Ω(T \ S) ⊆ Ω(S).

Lemma 4. Ω(S) \ Ω(S ∪ {l}) = Ω(S) ∩ Ω({l})
Proof: LHS = Ω(S) \ (Ω(S) ∩ Ω({l})) = Ω(S) ∩
(Ω(S) ∩ Ω({l})) = Ω(S) ∩ (Ω(S) ∪ Ω({l})) = (Ω(S) ∩
Ω(S)) ∪ (Ω(S) ∩ Ω({l})) = RHS.
Lemma 5. If Ω(T ) ⊆ Ω(S), then V (Ω(S) \ Ω(T )) =
V (Ω(S)) − V (Ω(T ))
Lemma 6. If Ω(T ) ⊆ Ω(S), then V (Ω(T ) ≤ V (Ω(S))
Finally we prove the supermodularity of V (Ω(.)) in Theorem 1.
Theorem 1. ∀S ⊆ T ,
V (Ω(S)) − V (Ω(S ∪ {l})) ≥ V (Ω(T )) − V (Ω(T ∪ {l}))
Proof of Theorem 1: From Lemma 3, Ω(S) ⊇ Ω(T ). Then
Ω(S) ∩ Ω({l}) ⊇ Ω(T ) ∩ Ω({l}). From Lemma 4, we have
Ω(S) \ Ω(S ∪ {l}) ⊇ Ω(T ) \ Ω(T ∪ {l}). From Lemma 6,
we have V (Ω(S) \ Ω(S ∪ {l})) ≥ V (Ω(T ) \ Ω(T ∪ {l})).
From Lemma 5, Q.E.D.
Lemma 7. F(.) in Eq.(5) is nondecreasing.
Proof: From Lemma 3 and Lemma 6, we have ∀S ⊆ T ,
we have V (Ω(T )) ≤ V (Ω(S)), which shows V (.) is nonincreasing. Consequently, F (.) is nondecreasing.

6.2. Min-rule
In Section 2.3 we defined Ωli (S) = minl∈S {Ωli (l)}.
Denote mli (S) = argminl∈S Ωli ({l}) as the landmark in
the set of detected landmarks S that provides the smallest
search range for detector li . Here we show that this definition also satisfies Theorem 1.
Lemma 8. ∀S ⊆ T, V (Ω(S)) ≥ V (Ω(T ))
Proof: From definition, Ω(S) = minl∈S Ω({l}), and
Ω(T ) = minl∈T Ω({l}). Since S ⊆ T , we have
Ω(S) ≥ Ω(T ), and hence V (Ω(S)) ≥ V (Ω(T )).
Proof of Theorem 1:
Case (i): mli (T ) = mli (T ∪ {l}). This means including l does not decrease the search space, and hence
V (Ω(T )) = V (Ω(T ∪ {l})). But from Lemma 8,
V (Ω(S)) ≥ V (Ω(S ∪ {l})) always holds. Hence
V (Ω(S)) − V (Ω(S ∪ {l})) ≥ V (Ω(T )) − V (Ω(T ∪ {l})).
Case (ii): mli (T ) = mli (T ∪ {l}). This means l provides a smaller search space than any other landmark
in T , and hence mli ({l}) = mli (T ∪ {l}). Since
S ⊆ T , we also have mli ({l}) = mli (S ∪ {l}).
Hence, V (Ω(S ∪ {l})) = V (Ω(T ∪ {l})). But from
Lemma 8, V (Ω(S)) ≥ V (Ω(T )) always holds. Hence
V (Ω(S)) − V (Ω(S ∪ {l})) ≥ V (Ω(T )) − V (Ω(T ∪ {l})).

